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Matrices (< saadll)
we difine the matrix (A)of degree (m,n)as aset of real numbers

and we arrange these number in rows (columus)in a rectangular farm

between two brackets [ | and we write them as follons

(11 (2 (g e (1n
A=|0Qz1 Qzz Adzz-* ap

1<i<m
- [aij]

""" 1<) <n
aml ﬂmz amS

were [ai}r] are the elements of (A)

Example : — let A = 3 4 5]

2 0 -1
then (A) ismetrix of degree (2 X 3)and has two rows and three columns
{111=3, {112=-‘-1-, a13=5l {121=2, {122=U, {123=—1

Example: — letB=[1 5 0 -—3]thisisametrixof degree (1xX 4)

2
5]this is ametrix of degree (3 X 1)
6

Example : — let C=

0 0 0

Example : — let A= [0 0 o

]this is azerometrix of degree (2 X 3)

types of matrices : —
1) squre matrix: — the matrix is called a squre matrix if the degree ( n X n)

2) Equal matrices: —

the matrices(A, B) is called equal matrices if and only if has same degree ,and (a; = by;)



3) Diagonal matrix : —  (4kill 4 fuadl )

A squre matrix is called a Diagonal matrix ifa;; # oat i = j and (ai}- =0ati ij)

3 0 0
Example : — let A= |0 1 {]] thisis a Diagonal matrix of degree (3 X 3)
0 0 4

becaues (ai}- #0 ati =j) and (al-j =0 atiij)

4) scalar matrix : —( deleill 4 gadll )
A squre matrixis called a scai!armatrixif(aij =c#oati=]j ), (ai}- =0 ati # j)
Example : — let A = [ﬁ g} thisis ascalar matrix of degree (2 X 2)

becaues a,,=a,;,=2ati=j ,and a,;,=a,;,=0ati#]j
5) Identity matrix : —(bulaall 4 ghuadl))

Ascalar matrix is called Identity matrixif a;; =1 at i =j and(aij =0 ati ij)

thisis a Identity matrix of degree (3 x 3)

1 0 0

Example: — letA=(0 1 0

0 0 1

becaues a;;=a;;=azz;=1ati=j ,and a;=0 ati=+j
operation on matrices

A) addition and subtraction @ —

let A= |a;] ,B =[b;] be two matrices of the same degree(m X n)then

1)A+B = (aij + bij)is amatrix of the degree (m X n)



2) A—B = (aij - bij)is amatrix of the degree (m X n)

1 2 3 _ 2 3 07
E le:— let A= B =
xampte € 0 1 4] ‘ 2 5 _1l

Then A+B=[-T2 213 3+0]_13 5

0+2 1+5 4-1 2 6

3

3
1-2 2-3 3—0]::4 -1 3]
0-2 1-5 4+11 L2 —4 5

and A—B=[

B) multiplication a matrix by a number (or constant) K ,KA = [Haij]

Example : — let A= [i {3; ﬂ ,K =3

. . 2 3 5 6 9 15
mleA—3A—3[4 : J Lz . 3]

1
Example : — let A= [2 3 ﬂ , K= >
112 3 5 | 2 %/

then KA=—A=— ]_
24 0 1 2 o 1 /2
C) commutative law ("-m—u-n' dralall )

let A= |a;] ,B = |b;] be two matrices of the same degree(m X n)then

H+B:(ﬂij+bij): (bU +ﬂij):B+zq

. 3 5 —[-2 0 4

xample : — let A= [ _3 4} ’ B_[S —3 6]
3+ (-2) 1+0 5+4] _1mn 1 9

ThE'TLA+B—[ 215 —3+(—3) 4+6 _[ —6 10]



and B+A=[_52_|_+23 _3{]_|_+(1—3) gii :[; —16 19{]]
andso A+ B=B+A4

Example : — let A=[$ i ﬂ ’ B:[; g _{]1]
then 4-B=[0"5 7% 2i1=15 T3 o

and B—A=[§:{1] g:i _01__34}: ; i :g}

and so A— B # B — A (isno commutative

d) Addition law (g ;58)

let A,B,C be matrices of the same degree (m X n)
thenA+(B+C)=(A+B)+C

e) Multiplication of Matrices ( ald gdimll -Tru}u'a:l

let A= [aij] be a matrix of degree (m x n)

and B = [bij]be a matrix of degree(p X z) then A canmultiplied by B,
that in AB is defined if and only if

the number of columns in A is equal to the number of rowsin B

, ie n=p theresult of multiplication of AB is amatrix

;\IT

C=|e;] = Z by 5

K=1



11 42 Qg3
let A= |01 Q33 Qa3
31 Q32 Q33

bll
’ {Ind B — bzl
bEl

the number of columns in Aare (3 ),the number of rows in B are (3)

A1 Az QAz3 bi4 ay1b11 + ay5b51 + ay3bzy
AB = |Q21 Q32 Q23 by1| = |az1b11 + az2b21 + az3b3y

l‘:’-“'31 ﬂ32 a33 bEl aElbll + ﬂgzbzl + ﬂggbgl
4 7 6 8
let A=\2 3 1 , and B = |5
3 0 2 9
4 7 6 1181 [4®)+7(5)+6(9)] 121
AB = \2 3 1 ]H: 2(8) + 3(5) + 1(9) =|4o‘
3 1 2 3(8) + 1(5) + 2(9) 47
xample : — let A=[§ é _41} ) B = \2 4 6
3 1 5
AB:é g _41]\—2 4 6‘
5 2 3
_[13)+2(=2)+ (-1)(5) 1+ 2(4)+ (—1)(2) 1(5J+2(6J+(—1)E3J]
3(3)+5(=2) + 4(5) 3(1) + 5(4) + 4(2) 3(5) + 5(6) + 4(3)
-6 7 14
AB_[19 31 57]

Determinants (<nsall)

2 3
Example : — let A = L 5] =2(5)- 4(3)=10-12 = -2

|=4B3 -7 Yol

6

Example : —let B =

W N o
= Wo~d
b = O



B=4(6-0)—7(4—-3)+6(0—9)=24—-7+63=280

3 1 0
E le: —let C=|5 =3[® 1> 4o ©
xample : —let L 2 i] [2 4] [3 4]+ [3 2]

C=3(24-2)—1(20—-3)+0(10—-18) =66 —17+ 0 =49

System of linear Equations

X +by+az=ke (1)
ayx+by+cz=ky o (2)
az;x + by + c3z = ks e e (3)

then the equations (1),(2)and (3) form [;J_;Si )a system of 3 linear equations
we want solve these equations to find the intersection point (x,v,z) [: Pt )

to do this we use the deferminonts to solve these equations as follows

al bl ¢l k1 b1l c1 al k1 ¢l al b1l ki1
let A=|a2 b2 02] A, = k2 b2 62] ,fl}.= a2 k2 cE] JA. = a2 b2 kE]
a3 b3 3 k3 b3 3 a3 k3 3 a3 b3 k3
A, A, A,
Then X =— , Y=— L= —
A A A

Example : solve the following linear Equation by usind the determinants and check your result

1) x+y+z=2 , 2)2x—2y+z=0 , 3) x+2y—z=4

Solution: —
11 1 1 1 —1
A=i —21 _1J=1[2 _1]—1ﬁ _1]+1ﬁ 2]=1(1—2]—1[—2—1]+1(4+1]=:«'
I A N T 0 1 0 —17_ B
Ax=lo -1 1]—2[2 _1]—1[4 _1]+1[4 2]—2(1—2]—1[0—4]+1(D—|—4]—6
4 2 -1




A}:r:; 3 i-=1[g _11]—2[? _11]+1E g]=1(—4]—2(—2—1]+1(S—D)=1l]
1 4 -1l
e B 0 1

Az=|2 -1 0 =1[2 4]—1& J+zﬁ 2]=1(—4—0)—1[s—n]+2(4+1]=—z
1 2 4

cx=2_ 0 o857,y B s B2 a8y
R A R A B

athear method

1 1 1 1 1 111 1

A=l2 -1 1]|=2 =1 1|2 —1|=141+4-(1+2-2)=7
1 2 -1 1 2 =l 2
2 01 1 2 1 112 1

Ax=10 -1 1]|=[0 -1 1|0 —-1|=2+4+0—(—4+4-0)=6
4 2 -1l la 2 -1lla 2
12 11 [1 2 111 2

Ay=1[2 0 1|=|2 0 1||2 o|=0+2+8—-(0+4—-4)=10
1 4 —1] 1 2 —-1ll1 4
101 21 [ 1 21[1 1

Az=[2 -1 o|=|[2 -1 of|2 -1|=—4+048—-(—2+0+8)=-2
1 2 4 11 2 all1 2

X=—X=—=0857 , y=-2X=""=1445 ,z=-2=—=-0.2857

Example : solve the following linear Equation by usind the determinants and check your result

1) 2x—3y+6z=-5 , 2) 4x+2y—3z=15 , 3) 2x—4y+10z=—-6
Solution: —
2 -3 6 2 -3 67112 -3
A=[4 2 —3l=[4 2 —3”4 zl=40+15—95—(24+z4—120]=34
2 —4 10 2 —4 10l —4



Ax =

5 -3 6
2 -3 15 -3 15 2
15 2 —3]=—5[ |- 3] |+6] |-
=oAL 4 10 6 10 6 —4

Ax = —5(20—12) + 3(150— 18) + 6(—60 + 12) = —40 + 396 — 288 = 68

2 -5 6 2 -5 6][2 -5
Ay=14 15 —-3| =|4 15 —3||4 15|=300+30— 144 — (180+ 36— 200)= 170
2 —6 10 2 -6 10ll2 -6
2 -3 —5
: 4 2
Az=|4 2 15 =2[2 > —(—33[4 15]+(—5)[ ]=
2 —4 —6 e 2 ° 2

Az =2(—12+60)+3(—24—30) —5(—16 — 4) =96 — 162 + 100 = 34

A 68 A, 170 A 34
CFTA T3 Y YT AT 3T fTA T3

proplam : solve the following linear Equation

1)x—2y—4z=—-26 , 2)2x+3y—3z=-6 3)4dx+2y—3Z= -9

Solution: —

A:

1 -2 —4 1 -2 —4]1 -2
2 3 =3|=12 3 -=-3||2 3|=-9+24-16—(—48—-6+12)=41
4 2 -3 4 2 3114 2

—26 - —4 —26 - —4)11—-26 -2

Ax=| -6 3 —3]=[—6 3 —3”—5 3]=228—228={]
—9 2 —3 —9 2 —31L—-9 2
1 —26 —4 1 —26 —4]1J1 -—-26

Ay =2 —6 —3] = [2 —6 —3] [2 —6] = 18+ 312+ 72 — (96 + 27+ 156] =123
4 —9 —3 4 —9 —31 L4 —9

A0 Ay 123
*TA T T T YT T a1 T



proplam : solve the following linear Equation

1) =x+2y+3z=11 , 2) 3x—2y—2z=3 , 3) 2x+3y+2z=13
1) x+2y+3z=-6 ,  2) 3x—2y—2z=12 , 3) xtytz=-1
1) 2x+4y+2z=-2 , 2) bx—5y—5z=-15 ,  3) 3x+2y+3z=-3

1) x—2y—4z=-26 . 2) 2x+3y—3z=-6 . 3) 4x+2y—3z= -9

Complex numbers (&S jall dac¥))

Al dalall Axpually Sy 5 Al g Adida IS ja e e z 5 8 -1 S all 22l
z=ax+byi .. <s()=+v-1 , ax=Adleinll | pyi= Lailsal
y=1"
=1 o du osw 4 e Aedl JE op 0 Lue
m=—1 8 2 AWy 4 e dedl i on ke

=i Sl Ay 4 e Al B op ke

it = —j Jé 3 Ay 4 e Al B o Lae

10



Exercise for complex numbers

1) let 2z, =3+ 4i ,  Z9 = 2—1 ,  Zz3 = 4+ 3i
find a)z; + 3z, b) z; — 4z, €) Z1-Z
2 22
d) (z1 + z3) e)_- z1(z3 + z)
3
g) Z1.Zy + z1. 23 h)3z, — 2z, i) |z, + z,|
(V2—-i)—i(1-iv2) =—2i i daa s
Solution: = ( V2—1i —i+i%2) = -2
(1-i)*= —4 AP ENVE (N
Solution: = (1—i)*(1—1i)* = (1—-2i+i¥(A-2i+i?%)

=1-2i+i*—2i+4*-28+i*—-203+i* =1-4i+2i%+4i*— 4%+ it

=1—-4i—2—4+4i+1=—-4 Al sleY daE s,
1+2i 2-i 2 1 . .
_ 1 “
: — = —- ~.Fn.'..pz MJJ_\.
3—41 51 5
, Si+10i*+6—-gi—3i+ 4" Si—10+6—8i—3i—4 —6i—8 —20(3i+4) 2
Solution: _ ~ = : = — = — = —=
15 — 204 15 +20 15i+20 B(3i+4) s
5 1. .
————— = —| - QEWT- PPN
l1—il2—il3-i] 2
s s s 1 i 1
Solution: - - = = =— X ==
(2—2i+i%—i)(3—i) E—Bi+3iT—3i—2i+2i%—i% +i* —10¢ —2i i .

y+5i=(2x+1)(x + 20) A stadl gEas 2 (x|, p)Aed > /5

11



(Ghinll S+ LT all ) + (LA LT+ il )

y+5i= (2x*—2)+ (4x +x)i = (2x*—2) + (5xi)

~ 5i= 5xi wox=1
sy=2x*-2 = 2(1)*-2=10.0
1 1 g . E_\l"q] E_.Il" -|.| ] . . 1
— — — = —1 el Sl A _;h\_ﬁ..ﬁﬁ (=
(z-i)2 (z2+i)° 25

¥ Gl Jlas -: Jall

1 i1 (3+4i) 1 (3—-4i)
(3—4i) (3+4) (3—a4)  (3+2i) (3+20)  (3-2)
_ (3+4i) . (3—4i) _ (g+ai)—(3—4) _ B IR L {;JLMJJ
S5+16 S5+16 25 25 -

(1-i)® (1+i)° S Hel a1 1 & . |
+ = -2 'ﬂ:ul_u] Alile ol Ams P H L — X? g

1+i 1-i

Solution: —

(=) 1-i | (14+* 14 _ (1-2i-00-d) | +2i-0(14) _ -2-2i | —242
1+i >'<1—:'—|_ = N am 2 + 2 Tz + 2
—1—i | —14i _ —1—i—14i - "

= 1E—|- 1E= Ei - = -2 st il ol
2—1 2—1 . 1 - 1i=1 " o LTS ot . - 5 fie
T H+E.J. = E— dallill adoleol] Cfadss ~'.f"'] [:j,;' ) J)ﬂ..u! dm fg o
Solution:

2—i 1—-i 2-2i—i+i®* 1 3

—x X - = X =—-x——ix
1+ 1—1 2 2 2

3-i 7-i  (6-3i-2i+:i%) 5-Ei

-y K — = Yy = y¥=v-—1
2+i” 2—i s - 5 - - -
1 —i —i

X ==

i —i 1

1 3,

:x—;wc—l—y—aﬂ = —1

x—3ix +2y —2iy = —2i . (2 X wpaly)

x+2y =00 e e o (1)

12



—3x—2v=—2 i e e (2)

—2% = =2 e e s ~x=1 e (2) 4+ (1) Al pens

142y =00 e .'.yZ—%

v - . . - b ':'r_.

S8 e e (L, M) o) <l L=- S
Z—1

Solution: L=—3X—
2—i 2+i 5

_ 13 4 52-13i—4i+i® _ 51-17i

T—i ., 240 _ 14+7i-2i—i® _ 15+Gi

a+i a—i 17 17
L+M=3+i+3—-i=6
LxM=(34+i)(3—-i)=9+1=10

JEEs gl = L4+M s LXM o La

~ LM ol . slaoc

13—i

4+i

=3—i

=3+

S 1 /9 Jie

20y — (x+y)il =4 —6i AN Addad) 83 A (x| y) Aed 2 /10 Joe

Solution:

—2(xF V)= =6 e X F VT3 e e e e e

}F=3_x IR -u-uu.{-.I.]-.;__n.—i';_,:-'./--..\_FL-I

x(3—x)=2......3x—x*=2.......3

x2—3x+2=00 ......(x—2)(x—1)=0.0

L xr=2 . ~ y=3—-2=1

x—x —

(1)
(2)

X+ y—(x2+y3)i=4—80 Al Auad) s Al (x

Solution:

X+FV =4 i e e (1)

—(x?+y%)=-8 2+ =8 e e

13

2

(2)

0.0

y) de 2 /11 Ji



y=4—x e (1) e
¥ 4+{4—x)2=8 .. . x24+16—8x+x2=8
2x2—8x+8=00 . XP—4x+4=0.0
(x—20x—-2)=00 e (x—2)2 =01

SX =2 e =2
(x+20)(y+20)+1 =8 4dull daladl giias a0 (x|, y)4ed 2 /12 J
Solution: Xy +2xi +2yi +4i° +1 = 8i
xy—4+1=00 Al [ TR UTSSRPRNRSRNY &

2x+2y=28 XF V=4 e e e e e aeeen (2)

=4 =X i e ee e ee e (3)

4—x)=3 4y —x2=3

x2—4x+3=00 (x—3)(x—1)=00
xr=1 , ¥ =3 _, ¥x=73 s ¥y=1 L
EE 2.2 - - e a - " k
(A+20)A—1) =20 G Aldedi giias )l (4, B)%esd /13 J

11+3Bi
Solution: A2 — Ai + 24i — 2i% = (121— 9B%i2) /(11 + 3Bi)

(11-3pi) (11+3Bi)

AP+ 2+ Ai=

11+3Fi
A242=11 A=4+3

A=-3F

A=3 F=-1 Lazic
A=-3 E=1 Larie

14



vectors

the vector is any quantity which has magnitude and direction

Terminal
point

Initial
point

FIGURE 11.7 The directed line segment
AB. V= ai + bj

thena; ,b; arethe components of vector

Examples: —Draw the flowing vectors

vi =a4i+byj =2i+]

<
B
|

a,i+b,j = —3i+4j

<
W
I

asi+byj = —2i — 5j

solution: —




length of a vector

let (v=a;+ bj) be a vector we denotc to length of (v)is

the length of vector = |V| = +/a? + b?

Examples: —Defind the length of the flowing vectors

Vi =20 4] oo Vil =+Ja2+b2 =422 +12=+5
Vo= —3i 44 e Vo] =4/(=3)2+42=+25 =5

Vo= =20 —5j e, IVl =/ (=2)2 + (—5)2 = V29 .

16



product of two vectors

let v, =a;i+b,j
Vv, =a,i+b,j

then (v,.v, =a,a,+byb,)

Example let vy = 21— 3] f
v, = —3i+4j

then v,,v, =2(—3)+(-3)4=—-6—-12=-18

vy, v, = |V1]IV2] cos®
IV,| = /22 + 32 =13 \
IV,| = /(=32 + 42 =25 =5

050 — Vi, V2 _ —18 _ —18
ViVl 13 .5 5413
8 =cost 18 _ 176°
5V13
Algebra, Of vectors:— 1) Addition of vectors (resultant)
let U=wi+u,j , V=wvi+v,jJ
then: U+ V = (u; +vy)i + (u, + v,)j
Example : —
let U=5i+2 , V=2i+4j
U+V=0(+2)i+RQ2+4)j=7i+6j
y y

,
3>

<Ml + Vl,uz + V2>

u+v v

|
I
I
V2
I
I
1



2) Subtraction
let U=wi+u,j , V=wvi+4v,j

then: U—-V = (ul—Vl)i+(uz—Uz)f v

u Example : —

—V

let U=5114][_2|_j(_V V=0+4j
U-V=056-0i+2m4)j=>5i—
FIGURE 11.14 EgaiTihle vector
u — v, when added to v, gives u.
letyadit=u +V%=wW—3J
V4V, = (3+4)i+(2-3)j=Ti—j
v,—Vv,=3-4)i+(2—-(-3))j=—i+5j
Definition (zero vector)
let v=ai+bj=0 ifandonlyif (a=0

Multiplication of a vector by scalar number

let v, =a;i+ by beavectorand (B)is areal number

18



then Bv= B(a;i+b;j)=pai+pb;j
Example : let vi =31—4j and [ =2
then Bv; = f(a;i+byj)=2(3i—4j)= 6i—8j
when =0 ,thenfBv, =0(3i—4j) = o (zerovector)
Orthogonal vectors
let vi=a;i+byj , v, =a,i+b,]J
Then vy is Orthogonal to v, if and onlyif (vy.v5 ) =0
Example: let vy =31—2j and v, = —21—3]

then v;.v, =3(-2)+(-2)(-3)=—-6+4+6=0 so v+,

Direction : —

for any non zero vector V ,we obfain ( Juaai)aunit vector called direction

v
the directionof V = Vi

EXAMPLE 6 If v = 3i — 4j is a velocity vector, express v as a product of its speed

times a unit vector in the direction of motion.

Solution Speed is the magnitude (length) of v:
Iv] = V32 + (-4 = Vo + 16 = 5.

The unit vector v/|v| has the same direction as v:

v _3-4_ 3. 4
V] 5 st st

So

. . 3. 4.
V=3l—4]=5(§l—§]).

P

Length Direction of motion
(speed)



Example : let v=21—3]

then the length = |V| = \/22 +(—3)2 =+/13

The directi fy v 21—-3) 2 3
e direction o = = —_—
v V13 \/13 1.,/13’J

v=2i-3j=VI3(55i——))

13

vectors inthe (x,y,z)space (or in the 3 — space)
let the point origin 0(0,0,0)
and P(a,b,c)be any point in the space (xyz)
then (ai, bj, ck)are the compenents of the vector
the vector OP” =V = ai + bj + ck
Example : let p(2,4,5)is a point inthe ( x,y,z)space
then the vector OP” =V = 2i + 4j + 5k
and the (2i + 4j + 5k)are the compenents ofthe OP~
Example : let p(3,—4,—5)is a point inthe (x,y, z)space
then the vector OP~” =V = 3i —4j — 5k

and the (3i — 4j — 5k )are the compenents ofthe OP~

20



Algebra of vectors inthe (x,y,z)space

i ﬁz = Xzi -+ yzj + sz

Py(x3, ¥2, 23)

f— Pi(x1,¥1,271)
()_}5-1 :xli—|—y1j +Zlk

FIGURE 11.16 The vector from P, to P>
is PPy = (x2 —x)i + (y2 —y1)j +
(22 - Zl)k.

21



1) Addition of vectors (resultant)
let vi =a;i+byj+ ik , v, = ai+ by j+ ok
then:v, +v, =(a; +a,)i+ (b, +b,)j+ (¢ + )k
Example : let v, =3i+2j+5k , v,=2i—4j+3k
then:v, +v, =(3+2)i+(2—-4)j+(5+3)k

then the resultant = R = 5i — 2j + 8k

2) Subtraction
let vi =a;i+byj+ gk , v, = a,i+ by j+ ok
then:v, —v, =(a; —a,)i+ (b —b,)j + (c; — cx)k
Example : let v, =3i+2j+5k , v,=2i—4j+3k
then:v, — v, =(3—-2)i+(2—(—4)j+ (5-3)k =i+ 6j+ 2k
3) Multiplication of a vector by scalar number

let V=ai+bj + ckinthe (x,y,z)space and (B)is areal number

22



then PBv= P(ai+bj+ck)=pai+pbj+ Pck
Example : let V=3i—2j+4k , and pf=2

then Bv=p(ai+bj+ck)=2(3i—2j+4k)=6i—4j+ 8k
product of two vectors

let vi=a;i+byj+ck

szazi‘l‘hzj‘l":Ek

thEﬂ V1.1V = 10> + blbg + C1Co
vector (or cross)product of vectors ( ALY el )

Definition;let U and V be two non zero vectors @ is the angle between U and V

let N be a unit vector perpendicalar to the plans of (U)and (V)

Avector product of U,V is denoted by U XV and is defined by
U XV = N|U||V|sin 8 (sl e (uSe slatly )
U XV =—N|U||V|sin 8 (Al o jic slaily )

not :UxV #VxU




DEFINITION

uXv=_(|ul|v|sinf)n

Parallel Vectors

Nonzero vectors u and v are parallel if and only ifu X v = 0.

V X U= N|U||V|sin 6 (4l ¢ jic e slaily )
VX U= —N|U||V|sin @ (il & jie slaily )

V X U= N|U||V|sin@

FIGURE 11.27 The construction of
v X U.



Remark:if U andV parallel then8 = 0ormthen U XV =0 (zero vector)

if (i,j, k)are anit vectors in the direction of (x,y,z)axis then

1)ixXj=—jxi=k

4)ixi=j

—J

s s D

-

r L4

k = 2Xjde = G Uiy i

/ 3) kxi=—ixk=j

k = 0(zero vector)

k Xi=-(1XKk)

B ~ s B



theorem (4is sw)
EE’t A:ﬂli‘l‘ﬂgj‘l‘agk » B:bll‘l‘sz‘l‘bgk
AXEBE = (ali + azj‘l‘ {13k)>< (bll +b2j +b3k)

— [ali.bli +ﬂli.b2j + ali.bgk + ﬂzj.bli + ﬂzj.bg_fl + ﬂgj.bgk + ﬂgk.bli
v ask.byj + ask.bsk]

AXB = a;b,K + (—aybsj) + (—ayb k) + aybsi + ashyj + (—asb,i)

AX B = (aybs_ash,) i+ (azh, — a;b3)j + (ayb, — asb, )k

i j k
AXB=|a, a; as (Dl sheaall alasinl 4045, jh )
by b, bs

AX B = (ayb; —asb,)i — (a1b; —azhy)j + (a1b, —azby )k
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Calculating Cross Products Using Determinants
Ifu=wui+ujt+wkandv =vii +vj + nk,then
i j Kk
uxXv=uy u us.
Vi V2 W

EXAMPLE1 Findu X vandv X uifu =2i +j+ kandv = —4i + 3j + k.

Solution
Lk
cv=|2 1 H A R I
uXxys= = i— i
3 1 -4 1 -4 3
-4 3 1
= —2i — 6j + 10k
vXu=—(uXv)=2i+6j— 10k
Example : let A=2i—j+3k , B=i+2j—k

showthat A X B -+ A , AX B +- B

ik
AxB= |2 -1 3
1 2 -1

AXB=(1-6)i—2-3j+(@l—(-1)k=-5i+5j+5k
(AXxB).A=(-5i+5j+5k).(2i— j+ 3k)
(AXxB).A=-10—-5+15=0 ~w (AXB)L A
(AXB).B=(-5i+5j+5k).(i+2j—k)

(AXB).B=-5(1)+10—-5=0 ~ (AXB)*+ B
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A

I~ ——

w
Height = |w| |cos 6]|__6 Area of base
v _—— =luxy

~ >
u

Volume = area of base - height
= |u X v| |w] |cos 6|
= |(u X v)-w|

FIGURE 11.33  The number |(u X v) - w| is the volume of a parallelepiped.

Calculating the Triple Scalar Product
U (75) 7%}
(@ Xv):w= v v »n
wp W2 w3

EXAMPLE 6  Find the volume of the box (parallelepiped) determined by u = i + 2j — k,
v=-2i+ 3k,andw = 7j — 4k.

Solution Using the rule for calculating determinants, we find

1 2 -1
(uXv)y-w=1[-2 0 3| = —23.
0 7 —4
The volume is |(u X v)+w| = 23 units cubed.
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the logarithmic function

JEL{FEI P IV T P [N VN[ ES R S P

y=log,x .i.ui...a¥ =x

Examples: —

log,o 100 =2 ..o o oo ....10% = 100

log, 16 =2 ...ccoccv e A7 =16

logip1=0 ..........10°=1 (logl = 0)

log, x =Inx ..., ekl el e 2=271828
log x

Inx =
loge

sumple lowe of the logarithmic function
1) logxy =logx+ logy

2) lngi = logx — logy

3) logx™=nlogx

1

4) logxn = ilngx = lﬂfx
solve for each of the fellowing fanections .
to impose logx = a ; logy=0»b

find log(xy)

29



solution : x=10° ; y=10%
xy = 10% x 10? = 109*P
log(xy) =logx +logy
(2) tofirm it : log64—3log2 —2log4d = logg
solution : —
log2®—3log2 —2log2? = 6log2 —3log2—4log2 = —log2
log%=10g1—10g2={]—10g2 = —log?
solve for each of the fellowing fanections .
X< = 8y , y = 2X3

- solution ' —

1

Logy =log2x2=1log 2 + élngx

Log x? = log 8y3

2logx =log 8+ logy® = 3log2 + 3logy

2logx =3log2+ 3 [lngZ +§logx

2logx =3log2 +3log2+ logx = 6log 2 + log x
Log x = 6log 2 = log 2°

x=2°=64

30



to know since

cloga _ ; clogb — y ,~ qlogb —
to firm : y =Xz

solution : —

a=c"* b =c”Y ) b= a®
c?=a*=c*% , ~y=xz

solve : log(4x + 10) + log(x — 2) = 2log(2x — 1)
solution : —

log(4x+ 10)(x — 2) = log(2x— 1)
(Ax+10)(x—2)=2x—1)*=(4x* —4x+ 1)

(4x* —8x+10x—20)— (4x* —4x+1)=0
6x—21=0 ...... Sx=—=235

The derivatives of logarithmic function

d(lnv) 1dv

= dx  vdx
2) dﬂdﬂflﬂ') _ lﬂfe | g
3) d(dfj = a”lnag

31



dy
Examples: — find —
dx

dy 6x + 5
dx 3x2+5x—4

(1) vy=In(Bx?+5x—4) ........

dy loge 6x
2 = log(3x% + 4 = 6x=———loge
(2) ¥ = log( ) dx  (3x2+4) (Bx21+4) °
. dy .
(3) y= 3sin2x ee.— = 3512% 1n3 (2c0s2x)
dx
(4) y= (x?24+4)°3*  u=x*4+4 , v=cos3x

g = cos3x (x4 4)°s39-1 (2x) + In(x? + 4) (x2 + 4)°53* —3sin3x

The Exponent functions
— a3 X
Yy =€

y=e"

The derivatives of Exponent functions
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(1)

dI:E‘ ":} oX

dy

Examples: — find —

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

dx
y—=€

dy
— = 33
dx

sin x

y—= €

dy ;
ey _ Esm x
dx

cCos X

y= e V3xZ+5

y = E,lnx
dy Lqln:x:
dx o x
y = ngx

, (2)

dx

33
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(9)

d

d

dx

Yy
x

= x%e* + e*(2x) = e*(x? + 2x)

y=x—1 e¥* 1

dy

(Vx—1) ev*1 eV¥=1  (Yx=1 41) V¥ 1
24x—1 24x—1 24x—1

1) sinx +cos®x =1

2) cos2x = cos“x — sin" x

3) cos2x = 2cos’x —1

4) cos2x=1—2 sin®x

5) sin2x = 2sinxcosx

6) sinxcosx

1.
= —sin2x

- 1
7) cos®x = E(1+ cos 2x)

8) sinx =>(1— cos2x)

9) sec’x=tan’x+ 1

10) csc®x = cot®x + 1

11) tan*x =sec®x— 1
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12) cot®x =csc?x— 1
13) sinaxcos bx = %[sin[a —b)x +sin(a+ b) x]

14) sinax sin bx = % [cos(a — b) x — cos(a + b) x]

15) cosaxcoshx = %[cus(rx— b)x +cos(a+ b) x]
bcos?x +4sinx—4 =0 adull Adadl Ja / Ja
Solution : Scosx+ 4sinx —4=5(1—sinx) +4sinx—4 =0

= 5sin’x +4sinx + 1= 5sin’x = —5sinx +4sinx+1=0

As to

= (5sinx+ 1)(sinx— 1) =0

(5sinx +1)=0 ~ sinx = ?1 L —

snx—1=20 ~sinx=1 r

3sinx —5sinxcosx+ 2cos?x =0
Solution 3sin®x —Ssinxcosx +2cos®x =10

3sin“x— 5sinxcosx+ 2cos*x = (3sinx —2cosx)(sinx —cosx) =0

As to
(3sinx —2cosx) =0 — .~ 3sinx = 2cosx Ll
& sinx = 21258 stanx ==
5 3
Or
(sinx — cosx) =0 ~ sinx = cosx W tanx =1
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1 - - i 1 3 7 E S T N |
cos(fa—b) , sin(a+hb) % =i sina =2, cosb=2  olduke
. 2 . 1z
Solution: — cos(a) = -~ sin b= o
Sinfa + b) = sinacosh + cosasinb
x5 aw 12 15 a3 &3
Sinfa+b)=—"-+"—"=="F—"=—=
[: :] &x 13 &x 13 &5 =1 &5
Cos(a —b) = cosacosh +sinasinb
2 5 3 12 20 36 1)
Cos(a—b)=-X—+-xXx—==—F+—==—=
( j 5 13 5 13 B5 B5 B5
-
tan x+1 [1+5in 2x y
R ——— = | ——— N
tanx—1 *.,.' 1—5in 2x
— s < - — z
SDluﬁDn [l1+ein2x __  [ein” xtcos” xt+2sinxcosx __ |Lsmx+:nsx} _
’ 1-=in 2x gin 2, +coed,. —2EinXcoEX ':sinx—cns
"‘Jl “ql . . d\ll %)%

_ (sinx +cosx) tanx+1

~ (sinx —cosx) tanx—1

( Joalill ) iial

DEFINITION  The derivative of the function f(x) with respect to the variable x
is the function f’ whose value at x is

fx +h) — flx)

’ = 1i
f'(x) Jim ; ,

provided the limit exists.
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y=fx)

Secant slope is

f(2) — fx)
Q(z f(2) \ 27— X
P(x, f(x)) f@) — fx)

Derivative of fat x is

J&x+h) - f(x)

f'x) = ngﬂ p

FIGURE 3.1 Two forms for the difference
quotient.
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Slope =
lim £ T — f0)

- h
Slope = "0
I fla + h) — fla)
im
h—0" h

y =fx)

] |
a—+ h b+ h b

h>0 h <0

> X

S e _

FIGURE 3.3 Derivatives at endpoints are
one-sided limits.

RULE 1 Derivative of a Constant Function
If f has the constant value f(x) = c, then

af _ d
E=a(c)=0.

Power Rule for Positive Integers:
If n is a positive integer, then

i — n—1
dxx” =nx""".
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RULE 2 Power Rule (General Version)
If n is any real number, then

d _
—x" = nx" ]’

dx

for all x where the powers x” and x" ! are defined.

RULE 3 Constant Multiple Rule
If u is a differentiable function of x, and ¢ is a constant, then

i(cu) = c@
dx dx’

Slope = 3(2x)

= 6x
3 (1, 3) / =6(1)=6

|
| y=x’
|
p) . |
|
|
|
|
: Slope = 2x
| =2(1)=2
1 (1. 1)
|
|
|
|
| .
> X
0 1 2

FIGURE 3.7 The graphs of y = x* and
y = 3x*. Tripling the y-coordinates triples

the slope (Example 2).
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RULE 4
If u and

Derivative Sum Rule
v are differentiable functions of x, then their sum # + v is differentiable

at every point where  and v are both differentiable. At such points,

@_I_dv

d _
dx(u-l—v)—dx e

{ y=x—2x>+2

(0,2)

-1, 1) (1, 1)

FIGURE 3.8 The curve
y = x* — 2x? + 2 and its horizontal
tangents (Example 4).
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RULE 5 Derivative Product Rule
If u and v are differentiable at x, then so is their product #v, and

d, _ dv_  du
E(uv)—udx—l-vdx.

RULE 6 Derivative Quotient Rule

If u and v are differentiable at x and if v(x) # 0, then the quotient u/v is differ-
entiable at x, and

4 () e
de \V 2 :

DEFINITION  The instantaneous rate of change of f with respect to x at x is
the derivative

h —
Flxo) = f}i_%f(xo + ‘; f(xo),

provided the limit exists.

Derivatives of
Trigonometric Functions

The derivative of the sine function is the cosine function:

i(s;inx) = cosx
dx ’
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y = COS X

> X

y' = —sinx

FIGURE 3.17 The curve y' = —sinx as
the graph of the slopes of the tangents to
the curve y = cosx.

The derivative of the cosine function is the negative of the sine function:

i(cosx) = —sinx
dx

Derivatives of the Other Trigonometric Functions

d — sec? d .
dx(tanx) = sec”x dx(cotx) = —c¢scx

a%(secx) = secxtanx %(cscx) = —cscxcotx
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THEOREM 3 The Chain Rule

If f(u) is differentiable at the point u = g(x) and g(x) is differentiable at x, then
the composite function (f ° g)(x) = f(g(x)) is differentiable at x, and

(feg)x) = f(gx)g'(x).
In Leibniz’s notation, if y = f(u) and u = g(x), then

dy _dy du
dx " dudx’

where dy/du is evaluated at u = g(x).

1) D,x" = nx"!

2) Dlk.f(x)] = k.D, f(x) = k.nx"

3) D,(f £g) = D.f £ D.g

4) D, (u.v) =uD,v +vD,u
5] Dxi_:: _ vl u—ul.w

e

5] dy _ dy .du
dy  du.dy

7) D,sinu = cosu D, u
8) D,cosu = —sinu D, u

9) D,tanu = sec”uD,u

10) D, cotu = — csc’uD,u
11) D,.secu =secutanu D, u
12) D,.cscu= — cscucotuD,u
— 1
13) D, sin" u = Newn: D.u ..
-1 -1
14) D,cos™ u = N 2 0 TR
-1 _
15) D, tan" " u = T D,u
-1 _
16) D, cot " u = T D.u

-1

Lu= (2 —1) Hj'z

ve.—1 =u =1

e — 1 =u =1

43




1

_1 _
17)D,sec” " u = —lulx"EE—_lﬂ‘xu ......

-1

_1 _
18) D,csc™ u = —lul'-."EE—_lﬂ‘ru
d(lnv) 1dv
(19) =——
dx vdx

d(logv) loge dv

20 . —
(20) dx v dx
d(a’) dv
= v B —
(21) o a lnadx
d (u?) du
— w—1_
(22) . vt +1lnu.
d(e*)
(23) = %
dx
d(e*) du
24 = e —
(29) dx ¢ dx

dy
Find the (d—”l) of the following functions

1) y=(x*+5)°

fﬁ = 5(x? +1)%2x = 10x(x2 + 1)* =

2) y=sin®x+ cos®x
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dy . .
™ =2sinxcosxy — 2cosxsinx =0
X

3) ¥ =csc?5x

j—z = 2csc5x (—cscS5xcot5x#5) = —10 csc®5x cot5x

4) y= cot’3x

% = = 2cot3x*(—csc23x* 3) = —6 csc’ 3x cot3x

5) y= In(x®+ 2x)

_dy _ (2x42) _ 2x42

B dx o (224 2x) o x(x+2)

'5:I y= q_esin}[

dy — 4331:1.5:’ 5
dx

COSX

7)) y= (9X* —6X +2)e¥*
T — 3(9x% — 6x + 2)e™ + &% (18x— 6)
= 3e¥*[(9x® —6x+ 2) + (18x— 6)]

5 y= (22

i-1

dy _ 2 |:':x+ﬂ] (':x—l}xl:';ﬂ_l;;j+1}':1}}

?= 3 (5x% + 3x% — 2x)%(15x2 + 6x — 2)
e

10) v = cos5xsin5x

dy

PRt 5cos5x cos5x + 5sin 5x (—sin 5x) = 5 cos? 5x — 5 sin® 5x = 5cos10x
e

. -3
Le+2)"

11) v=

(x—2)

dy _ (x—22(x+D—(x+2%(1) _ 2x+4 [':x+2}]2
dae (x—2)2 x—2

(x—2)

12) y = In(x?®+ 3x)
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(18)

(19)

(20)

(21)

dy _ 3x"+3
dx x%4+3x

dy 6x + 5

13 = In(3x2+5x—4) ......... =
(13) Y n(3x® + 5x ) dx 3x°4+5x—4

dy loge 6x
14 = log(3x% + 4 L= 6x =———loge
(14) ¥ = log( ) dx (Bx2+4)  (Bx2t+4) ®°
. dy .
(15) y= 3sin2x e.— =3512% In 3 (2cos 2x)
dx
(16) y= (x?2+4+4)°s3* u=x*4+4 , v=cos3x
dv
d_i =cos3x (x2 +4)s3)-1 (25) + In(x? + 4) (x2 + 4)°°3* — 3 gin 3x
(17) y = e3*
j—y = 3e3*
y = Esinx
z—i = e "% cosx
R
dy _  _axf+s 1 2 -
2= eV (2) (3x% + 5) 2 (62)
y = g2*+1
& _ o p2x+1
Tdx
y = E.x'm
dy eVEHL
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2
dy _ (e¥— e™%)
dx 2
(23) y = el
dy glnx
dx x

(24) y= x?e*
d—i = x%e* + e*(2x) = e*(x? + 2x)

(25) y=+Vx—1 1!
dy _ (ya—1) eV*? VA1 (Jx=1 +1) eV*1
dx 24x—1 24x—1 24x—1

ﬂdzr dwr Eoo by Ix+1 - e b
x—12 T +4x—1DFT +2y=0.0 gt y= 7 a1l /26 Ji
dx? dx : - (x—1)2
Al s Y asad) aa g -2 Jal)
dy (e—10%(3)—(3x+1) x2(x—1) _ (3x—-3)—(6x+2) _ (-3x—5)
dx (x—1)* T x-DE (x-1F
d2y _ (x—1)%(-3)—({-3x—-5)=3(x—1)" _ (x—1)(-3)-3(-3x—5) _ —3x+3+9x+15 _ Ex+18
dx? (x—1)® (x—1)% (x—1)* (x—1)4
Jlpaad) 8 Al o V) dELil) o gri
7 Bx+18 4y (=3x-5) G+l _ Bxt12 | (—12x—20) B +2
(X_ 1j (x—1)% + 4(}{ 1j (x—1)% + 2 (x—1)% - (x—1)% (x—1)2 (x—1)7
Bx+18—12x—20 + Sx+2 T
(x—1)2 = G 00
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(Adelid) 33y Hlay Jualadl) ) Alualiad) sacla

}?':3'1.!.2"'1 R u=2x —3

dy du
D _ gy L2
du dx

L eu(2) =12u
dx du dx

:_i' =12(2x— 3) = 24x — 36

}F=u—2u2 R u=3x2—?
D=1 4u =6
du dx

dy .

Adul eydel 22 Arinal as ol —J

dx

d d -
Lo, = 5 = g fdal
dx du

Al 2o gl — e

40El) ol Gl

dy
dx

dx d

@ d—”’x:i‘= (1 — 4w)6x = 6x — 24xu = 6x — 24x(3x% — 7)
L

dx du

L = 6x —72x%+ 168x = —72x% + 17x

dx

Adall euladl . Am) aa gl —




y=t*+2t , x=1—2t
L, oL, 9 A S
> T el e
@ _ e _
dr—Et—I—E - 2
dy _ dy d 2e42
dx dt dx —2
] dy
Al mNiel = ariioll s gl —
dx
1) y=1t*— 2t t=4+x?
. - 1
2) V=t t=1+4-
3) Y= u =x-"+1
4) y=3u*+4 u=3x+ 2
1 1
E:I 1—: _‘,':_'_:

(sl Slaiiy|

X2 4 2xy=4 Ml ¥

\__,__1|__ L& 24 I Ll ‘_I.ASJ_,:J x RN
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x(0)-2(1) _ [2 'ii}—x'iu}] _-2_1_
4 ~

P )

i T 'III .:.:_L_g"

I

=]

r;,
B &

¥y oy sy e Allall ol b

e JC LW EUEWE P RO NPUS PR
ol Jomnid AL Jonliil oyl 8 3y (o) (o) il 2a JS Jualis
38y _ v 4 2 —0=
4y°— (xz}rdx—I-}r [1])+2x 0=0

dy 3
—}=}r‘—2x

dy
ay?= — 2xy
dx

dx

E[dlva —2xy)=vy*—2x
dx - - -

dy _}'5—2:5

dx  4yRTEEF
flx)= =x3+x?y—10y*=0 ald ? AT0Ga0 2
&
saall BEEYL bl 31k -1 Jall

3x24+ 2+ oy —40y3E =0
dx dx

28y dy 2
— 40y? = —3x° —2yx
x

P
dx
E_ —311—2}'1 _
dx x —40y"
(6 ,2v3) alal e 42 —9y2 =36 950 ALl Ll il
cetanal) GELEYL Aalead) 3k -1 Jall
dv
8x — 18y == =0
@y _ B _ &
dx 18y S
Glo dand x,y Aad (s
E_ip:M:ﬁ_}_}-z_}— \_.:"Lﬂ.ﬂlll‘_l._m
Gx 3+/3 A X
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};_

4 g
E O =5 5

4 = A7 g 4 E—8 4 -2
[ ! _ —_ — [ — _ = — J— — =
i T3 (R F Y TR T E YT s F+(ﬁ) 0.0
4x —3+/3y—6 =00 33 x
4x—3J3y—6=0 b puleall Al
(—3 . 4:] izl s x= —|—}r2 = 25 .1_;.|l._..| wlan 1 nn oo
2x+2yZ =00
@y _ & _ =
dx 2y
dy -3 3 .
—_—— e — = - "L.m]l -]
dx 4 4 = =
M = E = P S
A X=Xy
3
y—4 —M[x—a)—;(x+33
4y —16=3x+9 4 3¢ Alalaall gz
3x—4y =25 ot plaall Elda.
7 3 2 diy -
ve = 2r J._.II._J_.I — Llj 431 ,:.1I ._.J._gl
- dx
& _ ez . &y _ 3 ¥ amad s/ Jal
< dx ! dax ¥ =
272 4 z(d—y]: =12x A0 ¥ 199 1mad wy
dx® dx dx®
a2y (dy)z Vo=
R, —_ frd "TI_I
V= . 6 . (2) o Al
d? 327\ 2 . . dy -
- dx ¥ dx
E?Jz 6xys —ox?
Dzy: 6x— ¥ _ y2 _ 6xvE —9x
dx? ¥ ¥ y?
Dy ex(2x%)- 92 12x%-9x®  3x
dx® 2ty o 2xB y 2y
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. -] e} 22 e g
. 3 yrex—sx
dy y&&x—ﬂxz% _ y*ﬁx—ﬂx"[—.} sl ¥ 2x" g — g
dx? ¥ ¥ 2 2 Zyxt
12x*—5x* 3w
2By 2y

the critical points of function

the largest critical point and smallest eritical point

Ex: —find the largest and smallest critical point of the function

dy 3 5
salutiﬂn:—a =4x® —4x = 4x(x*—1) =0

¢ 4x=0 , x=0 Lal
‘ x*—1=0 . x=41 s
largest critical point at x=
and smallest critical point at x=T1

(0, 2)

(1, 1)

fi(x) =x*—2x?42

> X



Ex: —find the largest and smallest critical point of the function y=x>—12x—75

dy . .
saiutian:—aﬂ =3x " —12=0 i v v (X)) = 4 v e X = T2
‘ &~ largest critical point  at xr=-2 |,
‘ and smallest critical point at x=2 .
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FIGURE 4.21 The function f(x) =
x> — 12x — 5 is monotonic on three
separate intervals (Example 1).

Ex: —find the largest and smallest critical point of the function

flx) =v= cosx on [-7 , bid
luti 4y i 0
solution: —— = —sinx =
dx
—sinx =10 , ~ x=0 Ll

—ginx =10 . o x=+1m
‘ ~ largest critical point at x=0

‘ and smallest critical point at x=4m
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I y = COS X

|
|
: y' = —sinx
|
|

FIGURE 3.17 The curve y’ = —sinx as
the graph of the slopes of the tangents to
the curve y = cos x.

Ex: —find the critical point of the function y= x> on[-2 , 2]
lueti Yy _ = =
=50 utwn:—g =2x=0 .. ceo . nx =0
smallest critical point at x =10
y
A y=x%x=0
P(V1,1)
r=1
\
(1, I
> X



(—3 L3kl sl fx) = 223+ 3x2 — 12x — Al el bl dapl

d
.';ﬂiutiﬂn:—i =6x*+6x—12=6(x—1)(x+2)=0

(x—1)=0 , x=1 Ll
x+2=20 . x=-—2
Balloon ;

do = (.14 rad/min
dt
when 0 = /4 a _,

y dt .

when A = /A4




Situation when
x=038,y=0.6

FIGURE 3.30 The speed of the car 1s

ralated tao the enead of the nalice criiicer



A

9
da
when y = 6 ft

FIGURE 3.31 The geometry of the
conical tank and the rate at which water



A=x L

x4+ (L—6) =36
x4+ L% — 121 + 36 = 36
x?=12L —1°

A =x*x1?

MBC

dasall L e cliphil) (ae
v/ Qe
L (6Cm) (s sk a5l a3 iy JA13 Ay (S Cilie €] dalise ol
=t Jall
2% = Cibid) 3aclE Jgha o (i
L= Gabidl glay) o G
gli,¥) saelill Cial = Culiall dalise




o
I

(12L— L) x I?
=121% —L*
24 = 3612 413 = 0.0
2L

36L% = 417

~L=9Cm
x?=12x9-381
x = 3»"3_

A=3V3x9=27V3 (Cm)?

L2472 = (54V3) oo

-

Volume = 1V = ET‘L
r? = (54/3) -1L?

v=Z[(543) - 17| xL

T
3
"
3

V= [[54@)21. - LE']

v _ m =Y o2
=3 [[54\;3) 3L ]
dVyf . .
— = —[(54)* x3 — 317
AL ]

- Y/l

oS L ) dana S Sl g Aall gl ) an g 5443 eale Jsha kg s

ABC il b
(1)
(1) e s

&0

[ d=d)




v (54)* — wl? = 0.0
— =T “f—mlt=0.
dL

L* = (54)2

~L=54 Om

r?2 = (54)% x 3 — (54)°
r? =2 % (54)°

. 2
~ Volume = g % 2% (54)* x (54) = ?ﬂ (54)% (cm)®

o) A ShY) pnn i 2n 5 (343 Cm) s S8 i A8 g 88 JA1 Lnain 5 (S Al 0 gland ) alad 2 = ¥ /s
C5SH aa
- dall
(2L) @l skl gliils . () 58N Lhad Chuais . (1) Al shan¥) jlad Chual (i
Vaolume of Cyilinder =V =1? X 2L X T ce cve vev oon. (1) Al shuy) ana
(3v3) = r2 + L2 =27 e e (2)
V=2rL(27 —L*) e (1) Al 3 o iy

— V.= 54gL — 2nl?
/ & — sam—6ml? = 0.0
dl

~6m(9—1%) =00
~1*=9
‘ ~L=30Cm
»‘ 2L=6Cm  Alslu¥l glal

|
|
\ L |
\
\ — /
/
\ /
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L1t =27—-9=18
.'.T=3»“'Eﬂ'm
V=18 x6xm (Cm)?
_ 4 g _ 4 — 3 4 — 3
V =n’n=_(3V3) m= ;x81V3 xn (cm)

18xEx3

48143

V 1
v, V3

8 paiiud) anall Al il 136 ¢ Lpin je Cania 432e 8 ol Aldatss sl (531 sl JSG e 2y )38 -1 £/ Jl
CdaS elae g3 Al o lle S Lo 5S) dsaa oS AN Sl o (108)M? aielia

- dall
L aclaiyly « x 4xayes ¢ 2Zx AN Jsh
A=6xL+4(x)* =108 .. e v e (1) AT Andaid) dslidll
V=2x%L e (2) OIOAN ans
108—4x® .
L=—0 (V) e O
- _a B
V = 242 [ms 4x ] _ loBx—dx”
B 3
V=36x— gxﬂ
- &= 36— 4x2 =00
dx
L 4x? =36
~x=3M
[ = 108-36 _ 4 M
18
@ O A Al 53

2x=6M  Jshl
x=3M (=l
L= tM gla)y
V=2(9)x4= 72 M? Al ana
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Integration ((J4si))

TABLE 8.1 Basic integration formulas

1./du:u+C

2. /kdu =ku+C (any number k)

/ u+dv)=/du+/dv
un+l

(di
/u”du=n+1+C (n#-1)

%=ln|u|+C

w

=

h

S S S S

sinudu = —cosu + C
cosudu = sinu + C
sec?udu = tanu + C
esc?udu = —cotu + C
10.

secutanudu = secu + C

11. cscucotudu = —cscu + C

12.

13.

14.

15.

16.

17.

18

19.

20

21

22

/tanudu =In|secu| + C

/cotudu =In|sinu| + C

/e“du=e”+C

/sinhudu = coshu + C

/coshudu =gsinhu + C

du _ .,1(u>
. ————==sin |, +C
/\/az—u2 a

1

1. -
a Sec

du _
) /u\/u2 - a?
L=Sinh’1
) Va? + u?

Q=

)

u

/L = cosh™ (
A /uz — 42 a

du 1, i (u
d/r 2+ = gtan (z;) +C

+ C

+ C

+ C

u
/a”duZa—+C (@a>0,a#1)
Ina

(a >0)

(u>a>0)

, [l
1:] “ru du = I:':n+1:'

2) _I"ﬂ;j=1n|u| +c
3) _re”du=e”+c

]+¢

4) [a*du= %—F £
5) [sinudu=—cosu+c
6) [cosu du=sinu+tc
7) [secutanu du=secu+c

8) [cscucotudu=—cscu+c

9) [sin*udu= 1[1:,—%5111211,] +c

-
=

1

10) [cos®udu =—[u+%sin2u]+c

11) [sec’udu= tanu+ ¢
12) [esc*udu= — cotu+ ¢

13)

lo

2fdu =logu+e¢

u

6

3




uw

] a’ -
14:]J.aidu=1| |+C‘ [\__,__:_J_.:;.:..:E a)
nla
15) f»-% =sinlut+c =—coslu+tc , Jul <=1
16) fli:;z =tan 'u+ ¢ =—cot tu+tc
du — -1 - _ -1
17) I—IJI«;E’—_l sec lu+ ¢ csc lu+c Jul =1

find the integration of the following functions

1) _r?xcix=§x2+c
2) f4x3dx=%x4+c=x4—|—c
3) f15dx =15x +¢
4)  [Zde=-Z+c

1

2x2

5) [mdx=——+c
6) J[zdr=2Vx+c
7) j(x+1jdx=§(x+1jf+c

8) [EE M= ([h-Z+t]ax

Tx° Tx® Tx5
1 1 1 —dx® axT 41
=t tc=T g
Tx = Tx 28x 28x

9)  [(V3x+5)dx=Zx=+5x+c

10) [(B3x*—2x+Vdr=x—x*+x+¢c

11)  [VZx+1dx= [(2x+ 1)7dx :i_ié(gx+1]5+c:%(gx+ Di4ec

12)  [(E+x)dr =[G40 dr=—x1+T+e=T41x24c

13)  [x*V7x3+5 dx = [x2(7x%+ 5)adx = %jz:lx: (7x% 4 5)zdx
=1 w2743 z — 2 (y.8 z
—Hxa(?x +5)3+c 63[?2: +5)+c¢

14)  [sin® x cosxdx =§sin3x +c

15) [sin®xdx = [(1—cos2x)dx = {x—%sinzx)-l-c

B R pa |

16) [cos?xdx == [(1+ cos2x)dx = (x+%sin2x]+ c
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17) [sec?3xtan3xdx = ?_I"sec: 3xtan 3xsec3x 3dx
= Ixlsec®3x+c=1 sec®3x+c
33 3
_ 1
18) fcosSxdx—551n5x+c
19) [ sin® 6xcosbxdx = E_I" sin® 6x cos6x 6dx == X ~sin* 6x + ¢
& 6 4

1.1 1 .11 3. g
20) [coscxsin-xdx=3[cos-xsin-x-dx ==sin’ix+¢
3 3 3 E 2 5

21) [—=Z _dx=In(2x%+1)+¢

2xT 41

22] J. |::::+1:' dx — %.Jr EI:I+1:' dx — %lﬂ(.’x: + Ex + 2] + c

x4+ 2x+2 x4+ 2x+32

23) [pndx=3]

2x+3

2+3 dx = %ln[zx +3)+¢

2x

24) | 0% dx = In(2 — cosx) +¢

2—cosx
25) ftanxdx=f%dx=—f%dx=—1nmsx+c
26) [tan’3ydy = [(sec®3y— 1)dy

= %_I"SECEE}FEd}r—fdy:%tanE}r—}F-l-c
27)  [(sinx+ cosx)?dx

= [(sin® x + 2sinx cosx + cos®x) dx = [(1 + sin 2x) dx

=x—%c052x+c

_c053(3x2+5]

28) fCDSE(Exz +5) xsin(3x%+ 5)dx = T +c

DsmS1) 45 3 43y Hlay Jalsal)

(5x+3) (Bx+3) (5x+3)
) [ mde=]———dx=]

x%—2x® —3x x(x—2x—3) o xlx+1)ix—3)
(Bx+3) _a n B,k alx+1l{x—3)+balx—3) +ialx+1)
xlx+1)ix—3) x x+1 x-3 x(x+1)ix—3)
_ ox®-3ax+ax-3Ja+bx-3bx+kx+kx  (Sx+3)
- x(x+1)(x—3) T xlx+Dix-3)
ax® — 3ax +ax —3a + bx? — 3bx + kx* + kx = (5x + 3)
—3a =3
—2a—3b+k=5
at+tb+k=0
a=-1 . b=—= k=2

fﬂﬁ:f[%.'. -1 4 3 ]dx=

xlx+1(x—3) 2{x+1)  2(x-3)

— lnx—%ln(x +1)+ %ln(x —3)+¢c
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2] J.- 3x®—8x4+13 dx =

(x+3)(x—1)"
3x"-Bx+13 @ b ko
(x43)(x—10% (=43  (x-1)  (x—21)*

3x®—8x+13  ala—1)24+b(x+3(x—1) +rlx+3)
(w3} (x—1)" (x+3)(x—1)7

_ alx—10%+b(x+3) (x—1)+k(x+3)

(x+3)(x—1)2
ax® —Zlax+atbx’+2bx—3bthx+Ik
(x+3)x-1)"
a+b=3

2a—2b—k=28
a—3b+3k=13

a=3—b
203—b)—2b—k=8=6-—4b—k

k=—-2—4b

(3—b)—3b+3(—2— 4b) = 13

—16b =16

o =4 :b=—1 : k=2

J et = [ g dx + [pdx + [ omdx =

=4ln(x+3)-In(x—1)—-2(x—1)"1+¢

o sailly Jalsill

1 ||'_
f smlx g Sl Jall s ) 1 /00
VX

. du ... . s — . .
du:%}{idx &}u‘;\j\} ﬁw\hye-l ‘Lt,=~|u"x ué_)s-"déj‘

0S8 ALY Aledl) 8w, du ded G

W

_I"Eim"xcix =2 [sinudu =—2cosudu +¢ = —2cosyx+¢

secx
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du = cosxdx ‘3.5-91‘“‘36“”‘9 d—:w\h}_\eﬁ H=Slﬂxu'é‘)93-:daj\
0S8 Aoy Aedl)l b u, du ded pags A

f zec” (sinx) dx = _I'.SEC: (sinx) cos xdx = _‘Ir sec”(u) du

Eec X

=tanu+ ¢ = tan(sinx) +¢

x
f X ax REFINEEY
7 2
d -~ e - - 5 e ] -
du = —2xdx 3Gy ﬁm‘éﬁé u=a?—x? jadi-; Jal
0558 ALY Aledll 8w, du ded asei o
1 rdu

—2x 1
— dx=—-|— =—z-lhu+c=
ar—x = w .

..r 1x dx = _%.r

() —Iz

= —%111(::12 —xN+ ¢

a5 3aally Jalsill
. Cve LS5 0illa o i Juals (38831 e (e e iy
S 1, ) ol () oS o peiase (e Lag)

diur) dv du
dx dx dx

& Al Aaladll s3g] oy Hhall DS JalSiy 5(x) Ao Joans
uaﬂ=[_rudv+fvdu]

Judv=uv— [vdu

5 iy JlSal) Akpmy a3 30

J xcosx dx i 1 g L KRR, IS
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b S v, du 2»ga u=x .,  dv= cosxdx R
v = sinx
du = dx
s pxlly JalSal) (56 olasily
Judv=uv— [vdu
[xcosxdx =x sinx— [sinxdx

=xsinx +cosx +¢

[x* cosxdx A LS a2 A

(]

b LS v o, du 2y u=x .,  dv= cosxdx el

v = sinx
du = 2xdx
o sailly Jalsill () 68 aladiily
Judvr=uv— [vdu

erz cosxdx = x*sinx — [2xsinx dx ... ee e (1)
A1 B e ¢l Gk ally JalSS s (S aal ) Lagg
[2xsinxdx =
b LS v, du a4 u=2x ., dv= sinxdx Ui
v = — cosx
du = 2dx

Judv=uv— [vdu
[ 2x sinx dx = 2x(—cosx) — [ —cosx 2dx
=—2xcosx +2sinx ... (2)

Gle Joanid (1) i) alibaa b (V) lilas (ingai &
erz cosx dx = x*sinx — (—2xcosx + 2 sinx )

er‘ cosxdx = x“sinx+ 2xcosx — 2sinx +¢

J- x?% sinx dx 1 [ g L KRN e g

B

JPATR A v o, du aga u=x* .,  dv= sinxdx e
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V= —CDOSX

du = 2xdx

Judv=uv— [vdu

Jrsr:2 sinxdx = x*(—cosx) — [(—cosx)2xdx ...

i sxilly JalSl o) 8 Hlasily

e (1)

A1 B e ol Bakaid plls JalSS ga BN sl o Lag

[—2xcosxdx =

b LS v, du 2 u=2x

v=—sinx

du = 2dx

Judv=uv— [vdu

[ —2x cosxdx = 2x(—sinx) — [(—sinx)2dx

= —2xsinx— 2cosx U =)
er‘ sinxdx = —x%cosx — [ —2xcos xdx
erz sinxdx = —x?cosx + 2xsinx + 2cosx +¢

1)  [x sin3xdx
= —%cnsEx —|-§sin3x +c
2)  [tisint?dt
=% [sint? —t?cost?] + ¢
3) [xyx + 1dx

=2 22 :
—3x(x+1:] 15[x+1] +c

1)
2)

3)
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, dv= —cosxdx e

e Jaanid (V) a8, sl 3 (V) Aibaa i gai o

S b Aardineal) Al il s

sin axcos bx = =[sin(a — b) x + sin(a + b) x]

ba | R

sin ax sin bx = %[cns(rx —b)x —cos(a+ b)x]

cosax coshx = %[ccrs(a —b) x+ cos(a + b) x]



[ siné x sin x dx i g AL RN, 773
sin ax sin bx = %[cns(a —b)x —cos(a+ b)x] dalaidlaladiily  /dal)

sin x sin 6x = %[cns(ﬁ —1)x —cos(6+ 1) x]

sin x sin 6x = %[cns(Sx] — cos(7x)]

[ sinx sin 6xdx = %_I" cos(5x) dx —%_]" cos(7x) dx

=% X isin(.'ix] - % X %sin 7x+c
= —sin(5x) — —sin 7x +
= sin(5x) — ;sin7x + ¢
[ cos3x cosxdx P 1 | g AL KN 77
ALl AUl alaaily / Jall
cosax cosbx = %[cus(rx —b) x+ cos(a + b) x]
cos3xcosx = %[CDS(E —1)x+ cos(3+ 1) x]
[ cos3xcosxdx = %_]" cos 2xdx + %_]r cos4x dx

1, 1,
=Esm2x+asm4x+c

[ cos®2xdx P | g AL N 77
[ Ja)

[cos?2xdx = [ cos® 2x cos2x dx = [(1 — sin® 2x) cos 2x dx
= [cos 2xdx — [ sin® 2x cos 2x dx
=%sin2x—§sin3 2xt+c
[ cos? x sin®* xdx i P L KRN /7
[ Jdad)
[cos®xsin® xdx = [ cosxcos®x sin® x dx
oo bani u=sinx , du=cosxdx () oa)s

[(1 — sin® x) sin® xcosx dx = [(1 —u*)udu
3 .5
=[x —u)du="-=+¢
3 5
slnax_ Ein® x

= ——l—c
3 5
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Sl il
( QLi:_L._.-_"'I ey Y= (_xa — -’-1-x:] _,__'l;-._'m]'l ;HijJmllljnleﬂlll s gl—r 1) i

( y=10 Cus o Sanall e f.a‘____'l:_'m]'l L-J:.L_j L5 o f:_l;'Jl'

x¥3—4x=0= x(x+2)(x—2)=0
(-2, 00 : (0, 0) : (2 , 0) o Lol Ll
Jeall 2 L& (0, 2) sl sddes(—2, 0) st Sdmsey oS
v =(x*—4x)
) 0 | c

AreaZ, = Area, — Area,

[0 —4x) dx — [2(x® — 4x) dx =

= (3x*- sz)]l: —(3x%- sz)]r —0—-(4—8)—[(4—8)—0] =

o

(y = —x) sffied Lally (y=2— x?) (S Ll Dl s ji—: 2/ I
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( vy=0 <= Wil Lagrlles (g il JLE Llsiowd f(ll

a2—xt=—x
x?—x—2=0=(x+1)(x—2)=0
sx=—1 , x=2 L
ay=1 ¥y = —2 3!
(2 ,-2) 3 (-1, 1) Lan o LI5il il

Jeall o LS e Gaidlam il (23 x> —1) e e el s g

[};-: _x:] .=__T’ JE s e _.__'Ic.'n [}r =72 —xz:] _.__'l_-L'l..u]'l Chstd g

[:2 :_2:]

Ay =y, =(2—x)—x=2—-x+x

Area?; = ffltz —x*+x)dx =

= (Zx — ixa + %xg)]r

z -1

=(4-2+2)—2+3+2=

10 7 -
=?+E:4'5 Sl pa i g
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(y=x%—3x% —x 4+ 3) ot gusjsaadidalod w3/
(x=2) afedy (x=2) J (x=-1) o= (x)osallials,

¥ —3x—x+3=(x—D(x—3)(x+1)—/dd

(-1 , 1, 3) & (x)osseps il Lol

}r=x3—3x2—x—|—3

0 1 &
X Jsme B8 A x=1 Jx=—1 205 sana dilil;
x —J—gu‘;llljf‘_szz._rwle;mj_J_ym]ﬁ E:]"I.IJ
Area’, = Area, — Area, ofikid S JWS s oade

A= [ (=322 —x+3)dx — [[(x* — 3x> —x +3) dx

-
r

2 1 4 2
=[——x5—x—+3x] —[x——xa—x—+3x]
2 -1 4 2 1

e T I A

=142 (0-I)=42+l=575
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[};zx‘l — 2x2 _|_2j _.__'u_'m_n__n'ic.::m]'uﬁ.;w'ng.;j'u_:q_f s

x=—-1 x:E'LLn_h:_:Ln..'_A]IIj (x:]_}_‘?;"-ﬂll'_‘?

Jesll 2 LS (-1

y 2) sl 2 Aapl dpmey spddue y=xt—2x2 42 AY

42 4 102 1 - - i

( vy=0 <= Wil Lagrllen (il JLE Llsiowd /(R

2—x?=—x
x*—x—2=0=(x+1)(x—-2)=0
wx=-=1 , x=12 Ll
};r=1 ’};rz—z _.’II
@.,-2) s (-1, 1) Ll U@ s,

desll o LS Je¥l JaidlaynSl (2> x> —1)  dafpiageh sl a1 3

(};l': —x:] .:__T" -u1'| L_-'-._‘I'| \_.-l"':' _.__15'! (};r = 2 —_'x::] -_'-_.I:'_.Lﬂlll y g
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(2 , 3) sl (x) Lsmes(v=x*"—6x2+5) Jeitdsinalialiuad ol 5/ Jl

solution ; y=f(x)= x*—6x>+5= 00
(x*—5)(x*—-1)=0.0
x=+5 S x=41 Lal
Jogd Lils(2 , 3)so@ M oy 41 , —5 o L

_I';E[x‘4 — 6x?+5)dx + _I"j.lg[:r:"‘l — 6x?+5)dx

VB
= [%—2x3+5x]+

3 =5
[——zxﬁ + 5:::”
VLS

(25;"5 — 1045+ 5\,@)— (?— 16 + 10)‘ +

(2 -54+15)— (“:E —10v5 + sﬁj‘

-2
5

42 2 43 .
+‘? —E—I—?—ll] units
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2l Jalsal) 8 ey il
Led 3 ganall (JalSall Ao oy jii) Uy Hha @llia dasall JalSil) 8 Wil Labiv yo 30 Gkl ) dil)
. cayaiall 4 saeld audt oY) A5y k) (\

y=f(x)
Trapezoid area /
31+ yp)Ax
/ M Y2 Yn—1 |Vn
Xg=a x Xy e— x-1 x,=0 >

Ax

FIGURE 8.7 The Trapezoidal Rule approximates short
stretches of the curve y = f(x) with line segments. To
approximate the integral of f from a to b, we add the areas
of the trapezoids made by joining the ends of the segments
to the x-axis.
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DAl e o il i Gua

Ay = %[f(xuj + fxy)]ax

el 3o sonall Aaliall Cu 8 ga Clabiall sd¢d & ganall g Lbidll sy = f(x) Ol 1) el o
x=4A ;o ox=Fb Al sl aiale

I3 FOdx = Z[f(xe) + 2f () + 2f (55) oo 42F (tpy) + £(2,)]

. B -4 .
duaAx = 9 ¥ =A+ iAx
(]

el gl ey el Uiel by costhaall Jualiil (e Ly )5S il jaiall sl Cilalua g sane ol 4
ff flx) = i—x(}ru + 2y + 2y, 4 e+ 2y, )

The Trapezoidal Rule
To approximate |, ® f(x) dx, use

T:Azx(yo+2y1 +2y2+"'+2yn—1 +yn)-

The y’s are the values of f at the partition points

Xo=ax =a+ Ax,x,=a+2Ax, ...,x,.1=a+ (n — 1)Ax,x, = b,
where Ax = (b — a)/n.
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TABLE 8.2

X

y=x

N A RO R —

25
16

36
16

49
16
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. Simpson Rule ¢ sumen 328 _and 4001 43, k)
L) Al me oS o o iy K1 4y sltall {12) ol i) e dae ) b yial) s 3 ylal) 028 b
U)S:’-\:i-\.s&j Zh. LGJ}L!L;\S\ (xl}rxgj 3)35“ . d}m[xlj&s_‘ usﬂ

Xp=x,—h X, = xy+ h

o Baal s Aaldin) e ol Bl &6 el of Jals
polxy—h,¥) , plxyn) 0 palxy+h,y,)

cbill s sy ¥ = Ax? + Bx+ € dasall Ablas dl ) bl [ sae 03 88 adad Jiai Wil ol oDlef a1 8 LS
Slo Joans 3 Llaal) e 8K ool Alslae el py , Py , P, Bl

Vo =Alx;—h)*+ B(x;,— h)+C

v, =Ax] +Bx,; +C

y; = A(x; + h)* + B(x; + ) + C

gl Ay Yo HAy Ty, ed e
Vo 4y, + oo 64Axi+ 24R*+ 6Bx, + 6C

(x, —h) ,(x;+h) Oasiivadll 5 1) gaall 5 (S adadlly Baraal) dilaiall dalise Caesi o
58 daaa JalS Ll o Sad

x,+h

[0 (Ax® + Bx+ C)dx = [22° + 227 + Cx]
%y z xa—h

:§[EX1+-IL]3 - (x1_h]3] ‘|‘j; [[x1+ hjz - (5‘31_ hj:] + C [(x1+ h) — [xl_hj]

=§[,4(5x§ 4+ 2h%) + B(6x,) +6C ]

[A(6x2 + 2h%) + B(6x,)+6C 1= [y, +4v, + ¥.] Sl o L
[or=2 Dotam+n] o

A A alls Sl 5% Ol Tl sae 32l
_I':ff(x]cix = 'Z—x [vo+ 4y, + 2y, + 4y, + 2y, o+ 4y, +v,]
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A
(0! yl)

(=h, yo)/_\(h: yZ)

/////' ‘\\<;j=;4x2 + Bx + C

Yo Y1 Y2

> X

—h 0 h

FIGURE 8.10 By integrating from —# to
h, we find the shaded area to be

h
g(yo + 4y; + ).

G Llaly y = Ax? + Bx + C ) ysne 53 S adadll jo 13 ) o () gusans 3328
Pu(-’;l_hr}’u] , H(xl :}’1:] , P:[x1+ h:}’gj
Gl 1) Gaasiianall 5 2y saall 5 £ 8Kl adadlly saasall Aslisal) b saal 5 el e aii Y
x=x;,—h , x=x;+h
f:f: =2 Do +dy; +,] = Aled il
A Aapally JulSl) o) o< J<EN dalis sae sl
fjf[x]dx = ﬂa—x[}ru—l- 4y, + 2y, + 4y; + 2y, _, + 4y, +v,]
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Parabola /y = f(x)

Yol Yi| V2 In—1 Yn
h | h
> X
Ola=xy x; x, kh> x,_; x,=b
FIGURE 8.9 Simpson’s Rule approxi-
mates short stretches of the curve with
parabolas.
Simpson’s Rule
To approximate fab f(x) dx, use
S = %(yo + 4y + 29 Ay + o+ 2y + dymy o).
The y’s are the values of f at the partition points
X=ax=a+Ax,xx=a+2Ax, ....x,—1 =a+ (n— 1)Ax,x, = b.
The number # is even, and Ax = (b — a)/n.
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EXAMPLE 2  Use Simpson’s Rule with n = 4 to approximate f02 5x* dx.

Solution  Partition [0, 2] into four subintervals and evaluate y = 5x* at the partition
points (Table 8.3). Then apply Simpson’s Rule with n = 4 and Ax = 1/2:

A
S:Tx(y0+4h+2y2+4y3 +y4)

1 5 405
3 (0 + 4(E> + 2(5) + 4(¥) + 80)

32§.

This estimate differs from the exact value (32) by only 1/12, a percentage error of less
than three-tenths of one percent, and this was with just four subintervals.

TABLE 8.3

x y = 5x*
0 0

1 S

2 16

| 5

3 405

2 16

2 80

83



- Y O

[P —1)ds @las Gosldl s b,
- dall

s 6 oS ;U;‘Y\ Cre e UG

Ax =T—%= TE=1 iy
n =]
y=1(x*-1) oSl
[ X ¥ = (x*—1) C; C;y;
Xo ) w=(01"-1)=0 !
X1 A vy, =(2"-1)=3 A 1
X2 v v, =(3"-1)=38 Y .
X3 ¢ v =(4-1)=15 A v
X4 ° y,=(5"—-1) =24 A €A
Xs 1 ve = (6°—1) = 35 Y v.
Xe Y v, = (7°—1) = 48 \ €A
g saxall (total) 1A

LA&: Jaany g.ﬂ\);.\.d\ 4.k dacld sJ.\L.u“ t

7
. Ax 213
J[x‘—l]dx= ?[III—I-E—l- 16+30+4S+?0+48]=T=1l]9
1

A aal - V/dmj;sinxdx Al i adsacxiu, n=6

- dall
Ll in = 6 ol Ax =2 -4_ =0 _=x
n =] &

84



oSily = sin x
flxg) =sin0=00 , fl(x)=sinz= 05,
T T
f[xg:] = Siﬂg = 0.866 , f(xaj = ginE =1 ,

27 Sm
flxg) = Siﬂ? =0.866 , fl(x)= sin? =05 ,

f(x) = sinm = 0.0

i x; y =csinx C; Cv;
Xo 0 ¥, = sin0 = 0.0 ’
T
X1 T y, =sin—= 0.5 2 ,
6 6
T i
X2 — V, = sin— = 0.866 Y Y vrY
3 3 '
X3 T V; =sin-—=1 2 Y
2
2 . 2w
X4 gﬂ-’ Ve = 8I— = 0.866 Y Y VYY
5 T
Xs — Vs = sin— = 0.5 2 )
5] 6
Xs T ¥V, = sinm = 0.0 \
g sxd\(total) 7.464

e Jrani o jaiall 4pd 328 aladsul

f; sinxdx = —[0.0+ 2(0.5) + 2(0.866) + 2(1) + 2(0.866)+ 2(0.5)+ 0.0]

i
12
= 1.954

Jsall plaaiids o [ sin x dx = 11 « 7464 = 1.954

Raf ol = ¥/ Q5T Vsinxdx 330 5 st 4 s kil n=6
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oty = einz

T
flxg) =+sin0=00 , flx)= [sin = 050875,
‘lq &

[T [, T
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X T — :
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X T . S
’ 4 y, = |sin— = 0.84090 LAAIA
5 R
X T T = : .
' 3 Ya= ||SiIl— = 0.93060 V.ATY
N 3
X E_TI Sm Y Y 4101
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N
X6 TT,:'FE B II G ~ \ \
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h'! 2
g sl (total) o

Sle Jeani Ciaiall 4pd sae 8 aladiuly

[T Vsinx dx = (v + 251 + 29, + 2¥5 + 29, + 255 + ¥e)

T
= —(9.0403) = 1.8727
24

86



Jsaall alasiuly qum Vsinx dx = 2£(9.0403) = = (9.0403) = 1.1872

- e
ff (x* — 1)dx 0 2 (g smens 44 Hhay
-1 dall
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