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DERIVATIVES :The derivative is one of the key ideas in

calculus, and is used to study a wide variety of problems in mathematics,
science, economics, and medicine. These problems include finding the
points at which the continuous function is zero, calculating the velocity and

acceleration of a moving object and other applications.
1. Tangents and the Derivative at a Point

In this section we define the slope and tangent to a curve at a point, and the
derivative of a function at a point. The derivative gives a way to find both

the slope of a graph and the instantaneous rate of change of a function.
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FIGURE 1 The slope of the tangent line at P is.
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DEFINITIONS The slope of the curve y = f(x) at the point P(x,, f(xp)) is the
number

L flg ) = f(x)
m = lim

lim 7 (provided the limit exists).

The tangent line to the curve at P is the line through P with this slope.

DEFINITION The derivative of a function f at a point x,. denoted f'(x,). is

oo fot+ h) — flx)
fx) = ;1_135 7

provided this limit exists.

Summary

The following are all interpretations for the limit of the difference quotient,

. [ + h) — f(xo)
lim A
h—0 h

1. The slope of the graph of y = f(x) at x = x,

2. The slope of the tangent to the curve y = f(x) at x = X,
3. The rate of change of f(x) with respect to x at x = X,

4. The derivative f'(xy) at a point



2. The Derivative as a Function

y = f(x)

Secant slope is
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Derivative of fat x is

£0) = Lim PRE - dx) — JEx)
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FIGURE 2 Two forms for the difference quotient.

Alternative Formula for the Derivative

f@ — f(x)
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EXAMPLE 1:Using the definition, calculate the derivatives of the
. X
functionf (x) = —

x—1
Solution:
N L .. |
f@ =727 ad f&+h) =TS
x+h) — fx
f'(x) = limf(‘ 1) — f(x) B
h—0 h
x+h  x
. z=+h-=1 x-1
= lim
h—0 h
— ] ] (-\‘ + h)(x — ]) - /‘("’ w h il ]) a [ u'(! "/7
= ,,_'.]})h x+h—-—Dx-1) b d bd
hm]— —h .
~ p—oh x+h-DEx-1) implify

= lim . Cancel h # 0.

h—-O(\’ + h = 1)(‘ - ]) (X' - 1)2

EXAMPLE 2: derivative the function by Using the Alternative
Formula f(x) = Vx for x > 0

Solution :
We use the alternative formula to calculate f”:

£ = er( 7) — f(x)
e AT —
_l'_',n‘ =
. NVZ — VX
= lim
=x(vz — Va)(Vz + Vi)
= lim ! !

=2VZ + VA 2VX



Notations
There are many ways to denote the derivative of a function y = f(x), where

the independent variable is x and the dependent variable is y. Some common

alternative notations for the derivative are.

e ol ST e e
fx)y=y = il d.rf(") = D(f)(x) = D, f(x).

3. Differentiation Rules

Derivative of a Constant Function
If f has the constant value f(x) = c. then

df a4,
a—a((‘)—o.

Derivative of a Positive Integer Power

If n is a positive integer, then

d -
E.r" = nx"" 1,
Power Rule (General Version)
If n is any real number. then
d =
praial :
for all x where the powers x" and x"~! are defined.

EXAMPLE 1 Differentiate the following powers of x.

(a) x° (b) x¥3 (c) xV2 (d) % (e) x¥/3 f) Vx*t=



Solution:

(a) %(x-‘) = 3x371 = 3x2

(b) %(xm) = %x(Z/-*)—l = %x—l/.z

(c) %(x\/f) = V2xV2-!

(d) %(%) = %(x—ﬂ = 4yl = 4y S5 = —%

(e) %(x‘%) = —%x—<4/3)—1 . _%x-v/z

0 L (Vi) = L (pram) = (, - g)xwm_l Lo+ oV

Derivative Constant Multiple Rule

If u is a differentiable function of x, and ¢ is a constant, then

d du

E(cu) = Cdx

EXAMPLE 2:

(@) The derivative formula

4 3,2 = 3.94 =
5= (337 =3:2x=6x

(b) Negative of a function

B o B o o B D
E(_u)—dx( l-u) = ldx(u)— o



Derivative Sum Rule
If u and v are differentiable functions of x. then their sum # + v is differentiable
at every point where u and v are both differentiable. At such points,

d _du dv
E(u-*—v)—dx-i-dx.

EXAMPLE 3: Find the derivative of the polynomial
4
y=x3+§x2—5x+1
Solution:

x3 + % (%x2> = % (5x) + % (1) Sum and Difference Rules

Derivative of the Natural Exponential Function

d

a(e‘) =e'

Derivative Product Rule
If u and v are differentiable at x, then so is their product uv, and

d. . _ dv  du
a(uv)—udx-i-vdx.

EXAMPLE 4: Find the derivative of (a)y == (x2 +e*) , (b)y = e?*



Solution:

(a) We apply the Product Rule with u = 1/x and v = x> + ¢*

dv du

d|1,, sl . ) i I ‘—l_mv):u—_v v—-, and
—lz(x*+e) | =5(2x+e) + (XX + &) —= dx dx  Udx
dep” . x? /(1) 1
e e de\¥) ¢
=2+7—1—; »
—1+x-0%
X
_il\'_l r,r_r_g_r r,_d_ X\ = Vp%, pX = )p2X
(b) 5 (™) = (&) = e~ () + ¢ I (€)= 2ee = e

EXAMPLE 5: Find the derivative of y = (x2 + 1)(x3 + 3)

Solution:

(a) From the Product Rule with u = x* + 1 and v = x* + 3, we find

%[( D)@ +3)] = @1 P+ L=

=3+ 30+ 0t + o
= 5x* + 3¢ + 6.

(b) This particular product can be differentiated as well (perhaps better) by multiplying
out the original expression for y and differentiating the resulting polynomial:

y=x+1)xP+3)=x+x*>+3x2+3
dy

e 2
= 5x* + 3x% + 6x.

Derivative Quotient Rule

If u and v are differentiable at x and if v(x) # 0, then the quotient u/v is dif-
ferentiable at x, and

pdu v
d (u dx dx
Rilul=— =

v
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EXAMPLE 6: Find the derivative of (a)y = 1 ,(b)y=e7*

t
t3+
Solution:

(a) We apply the Quotient Rule withu = > — land v = 2 + 1I:

d @+ 1% - 130 ‘,(11> v(du/df) — u(dv/df)
dr (B + 12 dr\v v’

2t + 2t — 3t + 32

- @ + 1)

=+ 32+ 2t

P+ 1)

_(L -X\ — i l zet'o_ l'e‘.z_l p—
(b) dx(e ) = ( ) — - e

(x—1)(x%-2x)
x4-

EXAMPLE 7: Find the derivative of y =

Solution :algebra to simplify the expression. First expand the numerator and
divide by x4:

~(x = DO?* = 2x)

, _ -1 _ 22 1 743
y = X 3xc + 2x
| x* x*
Then use the Sum and Power Rules:
dy . 3 ”
— = —=x <= 3(-2)x° + 2(—3)x
dx
| 6 6
x- ¥ %



4. Second- and Higher-Order Derivatives:

If y = f(x) is a differentiable function, then its derivative f'(X) is also a
function. If f' is also differentiable, then we can differentiate f' to get a new
function of x denoted by f”. So f” = (f')’. The function f” is called the
second derivative of f because it is the derivative of the first derivative. It is

written in several ways:

o d*y d dy B dy' P R —
f(x) = 23 e\ ) Y D-(f)(x) = Dy f(x).

The symbol D?means the operation of differentiation is performed twice. If
y = x°, then y’ = 6x° and we have
dy' d

Wi o ey SBL .5:‘3.4.
y o (1.\'(6" ) = 30x

Thus D?(6x) = 30x*

If y” is differentiable, its derivative, y” = dy”/dx = d3y/dx3, is the third
derivative of y with respect to x. The names continue as you imagine, with
({ (III.\.

v = _\.(n—l) — = D"y
. dx- dx" :

denoting the nth derivative of y with respect to x for any positive integer n.
We can interpret the second derivative as the rate of change of the slope of
the tangent to the graph of y = f(x) at each point.

10



EXAMPLE 10 The first four derivatives of y = x3 — 3x% + 2 are

First derivative: y =32 — 6x
Second derivative: y" = 6x — 6
Third derivative: y" =

6
Fourth derivative: y?# = 0.

All polynomial functions have derivatives of all orders. In this example,
the fifth and later derivatives are all zero

11



Derivatives of Trigonometric Functions

The derivative of the sine function is the cosine function:

dis B ,
(E(sm X) = COs X.

The derivative of the cosine function is the negative of the sine function:

d P
dx(cos,\) = —sin X.

The derivatives of the other trigonometric functions:

d — cop? x d N = —pep?
dx(tan X) = sec- x dx(COt X) CSCoX

i(sec X) = secxtanx i(csc X) = —cscxcotx
dx dx

EXAMPLE 1: We find derivatives of the sine function involving

differences, products, and quotients.

(a) y

(b) vy =

(¢c) y

5 . ay d , .
2= B i X = E(snnx) Difference Rule
= 2X — COS X
e'sin x: ﬂ = e‘i(sin 2 F i(e") sin x Product Rule
dx dx dx
= e'cosx + €'sinx
= e*(cos x + sinXx)
" . x-i(sinx)—sinx-l
sin x dy 7 dx -
—x - B pr- Quotient Rule

XCOSX — sinx
x2

12




EXAMPLE 2: We find derivatives of the cosine function in combinations
with other functions.

(@) y = 5€° + cosx:
dy
d—:\’ — %(Se") + %(COS X) Sum Rule
= 5¢" — sinx
(b) y = sinxcos x:
dy . d d...
2~ Sin ,\E(cos X) + cos .\a(sm X) Product Rule

= sinx(—sin x) + cos x(cos Xx)
) . 2
= CcOos“X — sin“x
COSX .

(¢ y= T
- 1 — sinx

i i By o
dv (1 — sin '\)dx (cos x) — cos x dx(] sin Xx)
dx (1 — sin x)?

(1 — sinx)(—sinx) — cos x(0 — cos x)

Quotient Rule

(1 — sinx)?
1 — sinx A »
- m sin°x + cos*x = |
1
1 — sinx

EXAMPLE 3: Find d(tan x)/dx.

Solution: We use the Derivative Quotient Rule to calculate the derivative:

Quotient Rule

coS ri(sin X) — sin \'i(cos X)
d d (sin x) _ dx ) Tdx '

(E(tan X) = — COS X

dx cos2x

COS X Cos X — sin x(—sin x)

-
Cos>x
cos’x + sin’x
cosx

e R e
= —— = sec’x.
Cos X

13



6. The Chain Rule

THEOREM 2—The Chain Rule If f(u) is differentiable at the point u = g(x)
and g(x) is differentiable at x, then the composite function (f = g)(x) = f(g(x)) is
differentiable at x, and

(f=2)'(x) = f'(gx)) - g"(x).
In Leibniz’s notation, if y = f(u) and u = g(x), then
d _dy du
dx du dx’

where dy/du is evaluated at u = g(x).

EXAMPLE 1: The function y = (3x2 + 1)

Solution:

is the composite of y = f(u) = «* and u = g(x) = 3x> + 1. Calculating derivatives, we
see that

dy du

'd—u"z = 2u-6x

= 2(3.1’2 + 1)-6x Substitute for u
= 36x° + 12x.

Calculating the derivative from the expanded formula (3x* + 1)*> = Ox* + 6x* + | gives
the same result:

dy d,. 4 i
E-—E(Ox +6x2+1)

= 362> + 12x. ]

14



“Qutside-Inside” Rule

day .,
dx f(gx)) g (x).

~

EXAMPLE 2 Differentiate sin (x2 + ex) with respect to x.
Solution We apply the Chain Rule directly and find

%sin(.\‘2 + &*) = cos(x2 + €*) - (2x + &¥).

inside inside derivative of

left alone the inside

EXAMPLE 3 Differentiate y = e®°%~*
Solution Here the inside function is u = g(x) = cos x and the outside function

IS the exponential function f(x) = ex. Applying the Chain Rule, we get

d“‘ d COS X COS X d COS X, -4 COS X .3
E = a(e SY) = ¢ "E(cos.\') = """ (—smx) = —e"" " sin x. [ |

Generalizing Example 4, we see that the Chain Rule gives the formula

For example,
i(ek") N N for any constant k
dx dx ’ '

and

. d . 15



EXAMPLE 4: Find the derivative of g(t) = tan(5 — sin 2t)

Solution: Notice here that the tangent is a function of 5 - sin 2t, whereas the
sine is a function of 2t, which is itself a function of t. Therefore, by the
Chain Rule,

iy . B s
g(f)—dt(lan(S sin 21))

Derivative of tan « with

. d X
= sec(5 — sin 2t)-E(5 — sin 2f) u=>5—sin2t

5 . d Derivative of 5 — sin u
= sec”(5 — sin2f)+| 0 — cos 2I'E(2t) ik o

i

= sec?(5 — sin 2f) (—cos 2f) 2
= —2(cos 2f)sec2(5 — sin 21).

The Chain Rule with Powers of a Function

EXAMPLE 5: The Power Chain Rule simplifies computing the derivative

of a power of an expression.

Power Chain Rule with

B res _ 4 = 3 _ 464 (5,3 _ 4 .
(a) (1',\'(5" ) =5 — 3%) d\,(S.\ x*) o il -

X,n

= 7(5x3 — x*)5(5-3x2 — 4x3)
= 7(5x — x*)%(15x% — 4x3%)

el Power Chain Rule with
=—13x — 2) '3(3\ = 2} = 3x 2, n I
= —1(3x — 2)™2(3)
e 3
(Bx — 2)?

In part (b) we could also find the derivative with the Derivative Quotient Rule.

d 5 d Power Chain Rule with « = sinx,n = 5,
a RIS . 4.4 . .
(c) dx (sin’x) = 5sin®x d.‘-Sln X because sin” x means (sin x)", n # 16

= Ssin*xcosx



d (e\f‘ﬁ) = ¢V3rtl, i( Vix + 1 )

3x+ L,n 1/2

V=il | -
= gVl 5(3\ =+ 1) 1/2.3 Power Chain Rule with «

3 Vix+1

—_—
2N/ 3x 1l

7. Derivatives of Exponents Functions and
Logarithms

Derivative of the Natural Logarithm Function

d | du
ot S s > L
dx‘ln" iy U 0
EXAMPLE 1 : find dy/dx
a)yu = 2x
d — l_i — L o l -
d_lnzx_lrdr(b)_Zx(z) = x>0
b)u=x*+3
d 2 _ 1 . d _ 1 _ 2x
e In(x= + 3) T 13 (tr(" 3) 2 + 3 243

17



cu = |x]

iln|x| - B e it
dx du dx
i B tay= A
u |x| u’.l ; \‘
1 x L i
= —— Substitute for u.
x| |x|
— J‘
2
1
—— Y'

The Derivatives of a*andlog, u

Derivative of In | x|

o |
I x| =5, x %0

tion of x and

ia“ = a"Ilna du
dx dx’

If @ = 0 and u is a differentiable function of x, then a“ is a differentiable func-

(5)

EXAMPLE 2 Here are some derivatives of general exponential functions.

(a) %3" = 3"In3 Eq.(5)witha =3, u=x
(b) %3"! = 3_1(]]13)%(_.\') =—3"In3 Eq.(5) witha = 3, u X
(c) i3"i“"r = 3% 3)i(sin x) = 3"%(In 3)cos x u = sinx
dx dx o
Fora > 0and a # 1,
d 1 du
EIOg"u ulnadx ™

18



(x2+1)(x+3)1/2

EXAMPLE 3 Find dy/dx if y = 1 ,x>1
Solution
6%+ iz + P2
Iny = In

x—1
=In(x*+ Dx+3)") —Inx— 1)

=In@xZ+ 1) +Inx+3)"2—-In(x—-1)

=In(x>+ 1)+ %ln(x +3)—In(x — 1).

We then take derivatives of both sides with respect to x,

a8

1 1
2¥+3 x—=1

= w2 T

1dy
Ydx x%2+ 1

[~
B | =

Next we solve for ay/dx

dy 2x 1 1
= =) > + ; e .
dx 2+1 2x+6 x 1

Finally, we substitute for y.

dx x—

&y (C+DE+N* % . 1 1
2+1 2x+6 x-—1

)

19



8. Implicit Differentiation

Implicit Differentiation

1. Differentiate both sides of the equation with respect to x, treating y as a dif-
ferentiable function of x.

2. Collect the terms with dy/dx on one side of the equation and solve for dy/dx.

EXAMPLE 1 Find= if y? = x? + sinxy

Solution We differentiate the equation implicitly.

y© = x° + sinxy
d i » d; 5 d ;. Differentiate both sides with
L)L)+ L) Diennis
dy d .. treating y as a function of
2}?5 = 2x + (cos ‘“’)E (X\‘) x and using the Chain Rule.
dy dy .
2.\95 = 2x + (cos )l y + Xa Ireat xy as a product.
dy dy |
Zya — (cos xy) ) T 2x + (cos xy)y Collect terms with dy /dx
d:\"
(2y — xcos x_v)a = 2x + ycosxy

dy 2x + ycosxy
_— Solve for dy/dx.
dx 2y — xcosxy )

20



Derivatives of Higher Order

Implicit differentiation can also be used to find higher derivatives.

EXAMPLE 4 Find 22 if 2x* — 3y* = 8

Solution To start, we differentiate both sides of the equation with respect to

X in order to
find y’ = dy/dx.

d d
° 2.3 -3 ) i
ax (2 y) =5®
6x2 — 6\\' =0 Treat y as a function of x
y' = % wheny # 0 Solve for y’

We now apply the Quotient Rule to find y”.

s SRABS
p_d(PB_ -2 _un_ 2,

(5%

(3%

Finally, we substitute y' = x?/y to express y” in terms of x and y.

2 x2[x2 % X
Y =i i e Lo Sy wheny # 0
- p \" P o \" -
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